Universal mixed sums of generalized $4$- and $8$-gonal numbers by Ju, Jangwon & Oh, Byeong-Kweon
ar
X
iv
:1
80
9.
03
67
3v
1 
 [m
ath
.N
T]
  1
1 S
ep
 20
18
UNIVERSAL MIXED SUMS OF GENERALIZED 4- AND
8-GONAL NUMBERS
JANGWON JU AND BYEONG-KWEON OH
Abstract. An integer of the form Pmpxq “
pm´2qx2´pm´4qx
2
for an integer
x, is called a generalized m-gonal number. For positive integers α1, . . . , αu and
β1, . . . , βv, a mixed sum Φ “ α1P4px1q ` ¨ ¨ ¨ ` αuP4pxuq ` β1P8py1q ` ¨ ¨ ¨ `
βvP8pyvq of generalized 4- and 8-gonal numbers is called universal if Φ “ N
has an integer solution for any nonnegative integer N . In this article, we prove
that there are exactly 1271 proper universal mixed sums of generalized 4- and
8-gonal numbers. Furthermore, the “61-theorem” is proved, which states that
an arbitrary mixed sum of generalized 4- and 8-gonal numbers is universal if
and only if it represents the integers 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 12, 13, 14, 15,
18, 20, 30, 60, and 61.
1. Introduction
The famous Lagrange’s four-square theorem says that every nonnegative integer
can be written as a sum of at most four squares of integers. Motivated by this cele-
brated four-square theorem, Ramanujan provided a list of 55 candidates of diagonal
quaternary integral quadratic forms that represent all nonnegative integers. Dick-
son pointed out that the diagonal quaternary quadratic form x2 ` 2y2 ` 5z2 ` 5t2
in the Ramanujan’s list does not represent the integer 15, and confirmed that Ra-
manujan’s assertion is correct for all the other 54 quaternary forms (for details, see
[3]). Recently, Conway, Miller, and Schneeberger proved the so called “15-theorem”,
which states that a positive definite integral quadratic form represents all nonneg-
ative integers if and only if it represents the integers 1, 2, 3, 5, 6, 7, 10, 14, and 15,
irrespective of its rank (for details, see [1]). As a natural generalization of the 15-
theorem, Bhargava and Hanke [2] proved the so-called “290-theorem”, which states
that every positive-definite integer-valued quadratic form represents all nonnegative
integers if and only if it represents
1, 2, 3, 5, 6, 7, 10, 13, 14, 15, 17, 19, 21, 22, 23, 26, 29,
30, 31, 34, 35, 37, 42, 58, 93, 110, 145, 203, and 290.
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Here a quadratic form fpx1, x2, . . . , xnq “
ř
1ďi,jďn aijxixj paij “ ajiq is called
integral if aij P Z for any i, j, and is called integer-valued if aii P Z and aij `aji P Z
for any i, j.
For an integer m ě 3, a polygonal number of order m (or an m-gonal number) is
defined by
Pmpxq “
pm´ 2qx2 ´ pm´ 4qx
2
,
for some nonnegative integer x. If we admit that x is a negative integer, then
Pmpxq is called a generalized polygonal number of order m (or a generalized m-
gonal number). Lagrange’s four-square theorem implies that the equation
P4pxq ` P4pyq ` P4pzq ` P4ptq “ N
has an integer solution px, y, z, tq P Z4, for any nonnegative integer N .
As a natural generalization of Ramanujan’s result on diagonal quaternary qua-
dratic forms representing all nonnegative integers, it was proved in [5] and [13]
that there are exactly 40 quaternary sums of generalized octagonal numbers which
represent all nonnegative integers. Furthermore, the “octagonal theorem of sixty”
was proved in [5], which states that a sum a1P8px1q ` a2P8px2q ` ¨ ¨ ¨ ` akP8pxkq of
generalized octagonal numbers represents all nonnegative integers if and only if it
represents
1, 2, 3, 4, 6, 7, 9, 12, 13, 14, 18, and 60,
which might be considered this as a natural generalization of the “15-theorem”.
In this article, we generalize the above theorem to the mixed sum of generalized
4- and 8-gonal numbers. Let α1, . . . , αu, and β1, . . . , βv be positive integers. The
mixed sum
Φ “ α1P4px1q ` ¨ ¨ ¨ ` αuP4pxuq ` β1P8py1q ` ¨ ¨ ¨ ` βvP8pyvq
of generalized 4- and 8-gonal numbers is said to be universal if the diophantine
equation Φ “ N has an integer solution for any nonnegative integer N . The aim of
this article is to prove that there are exactly 1271 proper universal mixed sums of
generalized 4- and 8-gonal numbers. Here, a universal sum Φ of generalized 4- and
8-gonal numbers is called proper if there does not exist a proper sum of Φ that is
universal. Furthermore, in Section 5, we prove that a mixed sum of generalized 4-
and 8-gonal numbers is universal if and only if it represents the integers
1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 12, 13, 14, 15, 18, 20, 30, 60, and 61,
which might also be considered as a generalization of the “15-theorem”.
Let
fpx1, x2, . . . , xnq “
ÿ
1ďi,jďn
aijxixj paij “ aji P Zq
be a positive definite integral quadratic form. The corresponding symmetric matrix
of f is defined by Mf “ paijq. For a diagonal quadratic form fpx1, x2, . . . , xnq “
a1x
2
1 ` a2x
2
2 ` ¨ ¨ ¨ ` anx
2
n, we simply write
f “ xa1, a2, . . . , any.
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For an integer k, we say k is represented by f if the equation fpx1, x2, . . . , xnq “ k
has an integer solution. The genus of f , denoted by genpfq, is the set of all quadratic
forms that are isometric to f over the p-adic integer ring Zp for any prime p. The
number of isometry classes in genpfq is called the class number of f , and denoted
by hpfq.
Any unexplained notations and terminologies can be found in [8] or [12].
2. General tools
Let α1, . . . , αu and β1, . . . , βv be positive integers such that α1 ď ¨ ¨ ¨ ď αu and
β1 ď ¨ ¨ ¨ ď βv. Let
(2.1) Φ “ α1P4px1q ` ¨ ¨ ¨ ` αuP4pxuq ` β1P8py1q ` ¨ ¨ ¨ ` βvP8pyvq
be a mixed sum of generalized 4- and 8-gonal numbers. For simplicity, we will use
the notation
Φ “ rrα1, . . . , αu,β1, . . . ,βvss.
Recall that Φ is universal if the diophantine equation Φ “ N has an integer solution
px1, . . . , xu, y1, . . . , yvq P Z
u`v for any nonnegative integer N . One may directly
check that Φ is universal if and only if the equation
3α1x
2
1 ` ¨ ¨ ¨ ` 3αux
2
u ` β1p3y1 ´ 1q
2 ` ¨ ¨ ¨ ` βvp3yv ´ 1q
2 “ 3N ` β1 ` ¨ ¨ ¨ ` βv
has an integer solution for any nonnegative integer N . This is equivalent to the
existence of an integer solution px1, . . . , xu, y1, . . . , yvq P Z
u`v of
(2.2)
3α1x
2
1 ` ¨ ¨ ¨ ` 3αux
2
u `β1y
2
1 ` ¨ ¨ ¨ ` βvy
2
v
“ 3N ` β1 ` ¨ ¨ ¨ ` βv with y1 ¨ ¨ ¨ yv ı 0 pmod 3q.
Note that Equation (2.2) corresponds to the representation of a quadratic form
with congruence condition. Since there are some method on determineing the ex-
istence of the representations of integers by a quadratic form, we try to find a
suitable method on reducing Equation (2.2) to the representation of a quadratic
form without congruence condition. To explain our method, for example, assume
that β1 ` ¨ ¨ ¨ ` βv ı 0 pmod 3q. Since at least one of βi is not divisible by 3, we
may assume that, without loss of generality, βv ı 0 pmod 3q. Then (2.2) has an
integer solution if and only if
3α1x
2
1`¨ ¨ ¨`3αux
2
u`β1pyv´3y1q
2`¨ ¨ ¨`βv´1pyv´3yv´1q
2`βvy
2
v “ 3N`β1`¨ ¨ ¨`βv
has an integer solution. Hence, in this case, the problem can be reduced to the
representations of a quadratic form. Now, assume that β1 ` ¨ ¨ ¨ ` βv ” 0 pmod 3q.
As a representative case, suppose that u ě 3, and the set of all integers that are
represented by 3α1x
2
1 ` ¨ ¨ ¨ ` 3αux
2
u is known. In this case, we try to find sets Si
of integers not divisible by 3 such that for each i “ 1, 2, . . . , v, there is a yi P Si
depending on N such that
(2.3) 3α1x
2
1 ` ¨ ¨ ¨ ` 3αux
2
u “ 3N ` β1 ` ¨ ¨ ¨ ` βv ´ pβ1y
2
1 ` ¨ ¨ ¨ ` βvy
2
vq
has an integer solution px1, . . . , xuq P Z
u.
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In [6], [9], and [11], we developed a method that determines whether or not
integers in an arithmetic progression are represented by some particular ternary
quadratic form. We briefly introduce this method for those who are unfamiliar
with it.
Let d be a positive integer and let a be a nonnegative integer pa ď dq. We define
Sd,a “ tdn` a | n P NY t0uu.
For integral ternary quadratic forms f, g, we define
Rpg, d, aq “ tv P pZ{dZq3 | vMgv
t ” a pmod dqu
and
Rpf, g, dq “ tT PM3pZq | T
tMfT “ d
2Mgu.
A coset (or, a vector in the coset) v P Rpg, d, aq is said to be good with respect to
f, g, d, and a if there is a T P Rpf, g, dq such that 1
d
¨ vT t P Z3. The set of all good
vectors in Rpg, d, aq is denoted by Rf pg, d, aq. If Rpg, d, aq “ Rf pg, d, aq, we write
g ăd,a f.
If g ăd,a f , then by Lemma 2.2 of [9], we have
(2.4) Sd,a XQpgq Ă Qpfq.
We denote the set Rpg, d, aqzRfpg, d, aq by Bf pg, d, aq. In general, if d is large,
then the set Bf pg, d, aq has too many vectors to compute it exactly by hand. A
MAPLE based computer program for computing this set is available upon request
to the authors.
Theorem 2.1. Under the same notation given above, assume that T P M3pZq
satisfies the following conditions:
(i) 1
d
T has an infinite order;
(ii) T tMgT “ d
2Mg;
(iii) for any vector v P Z3 such that v pmod dq P Bf pg, d, aq,
1
d
¨ vT t P Z3.
Then we have
Sd,a XQpgqztgpzq ¨ s
2 | s P Zu Ă Qpfq,
where the vector z is any integral primitive eigenvector of T .
Proof. See Theorem 2.3 of [6]. 
3. Ternary mixed sums of generalized 4- and 8-gonal numbers
In this section, we determine all ternary universal mixed sums of generalized 4-
and 8-gonal numbers.
Let Φ be a mixed sum of generalized 4- and 8-gonal numbers defined in (2.1).
For an integer N , if the diophantine equation Φ “ N has an integer solution, then
we say the mixed sum Φ represents N , and we write N Ñ Φ. When the mixed
sum Φ is not universal, the least positive integer that is not represented by Φ is
called the truant of Φ, and is denoted by tpΦq. One may easily show that there
does not exist a binary universal sum of generalized polygonal numbers. For the
ternary case, we have the following:
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Theorem 3.1. There are exactly 6 ternary universal mixed sums of generalized 4-
and 8-gonal numbers. In fact, they are
(3.1) rr1, 1,1ss, rr1, 1,2ss, rr1, 3,1ss, rr1,1,1ss, rr2, 3,1ss, and rr2,1,1ss.
Proof. Let u, v be nonnegative integers such that u ` v “ 3. For positive integers
α1, . . . , αu and β1, . . . , βv, assume that a ternary mixed sum
Φ “ rrα1, . . . , αu,β1, . . . ,βvss
of generalized 4- and 8-gonal numbers is universal. At first, we find all candidates
of ternary mixed sum Φ of generalized 4-and 8-goanl numbers by using, so called,
the escalation method. Since 1Ñ Φ, α1 “ 1 or β1 “ 1. If α1 “ 1, then 1 ď α2 ď 2
or 1 ď β1 ď 2, for 2 Ñ Φ and tprr1ssq “ 2. If α1 ‰ 1 and β1 “ 1, then α1 “ 2 or
1 ď β2 ď 2, for 2Ñ Φ and tprr1ssq “ 2. Let u1, v1 be nonnegative integers such that
u1 ` v1 “ 2 and
Φ1 “ rrα1, . . . , αu1 ,β1, . . . ,βv1ss
is one of the above proper sums of Φ. Since tpΦ1q is represented by Φ for each
possible case, at least one of αu1`1 or βv1`1 is less than equal to tpΦ
1q given in
Table 3.1. From this, one may easily show that there are 42 candidates of ternary
universal mixed sums of generalized 4- and 8-gonal numbers (see Table 3.1). Among
them, 36 ternary sums are, in fact, not universal (for truants of these sums, see
Table (4.1)). Since the proofs of the universalities of the remaining 6 candidates
are quite similar to each other, we only provide the proof of the case (3-1).
Table 3.1. Ternary universal mixed sums
Case Φ1 tpΦ1q C. A. Possible Candidates Universal Cases
(3-1) rr1, 1ss 3 1ď α3 ď 3, 1 ď β1 ď 3 β1 “ 1, 2
(3-2) rr1, 2ss 5 2 ď α3 ď 5, 1 ď β1 ď 5
(3-3) rr1, 1ss 3 α2 “ 1, 2 α2 “ 3, 1 ď β2 ď 3 α2 “ 3, β2 “ 1
(3-4) rr1, 2ss 5 α2 “ 1, 2 3 ď α2 ď 5, 2 ď β2 ď 5
(3-5) rr2, 1ss 4 2 ď α2 ď 4, 1 ď β2 ď 4 α2 “ 3, β2 “ 1
(3-6) rr1,1ss 3 α1 “ 1, 2 α1 “ 3, 1 ď β3 ď 3
(3-7) rr1,2ss 4 α1 “ 1, 2 3 ď α1 ď 4, 2 ď β4 ď 4
C. A.= Considered Already
Case (3-1) pα1, α2q “ p1, 1q. It suffices to show that for β1 P t1, 2u, the equation
3x2 ` 3y2 ` β1z
2 “ 3N ` β1
has an integer solution px, y, zq P Z3 such that z ı 0 pmod 3q. Since hpxβ1, 3, 3yq “
1, one may easily show that a positive integer m congruent to β1 modulo 3 is
represented by xβ1, 3, 3y. This competes the proof. 
4. Quaternary mixed sums of generalized 4- and 8-gonal numbers
In [3], Dickson proved that there are exactly 54 quaternary universal sums of
squares. Note that any square of an integer is a generalized 4-gonal numbers.
Recently, it was proved in [5] and [13] that there are exactly 40 quaternary universal
sum of generalized 8-gonal numbers. In this section, we determine all quaternary
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proper universal mixed sums of generalized 4- and 8-gonal numbers including the
above 94 quaternary universal sums.
Recall that a mixed sum Φ “ rrα1, . . . , αu,β1, . . . ,βvss of generalized 4-and 8-
goanl numbers is universal if and only if the equation
(4.1)
3α1x
2
1 ` ¨ ¨ ¨ ` 3αux
2
u `β1y
2
1 ` ¨ ¨ ¨ ` βvy
2
v
“ 3N ` β1 ` ¨ ¨ ¨ ` βv with y1 ¨ ¨ ¨ yv ı 0 pmod 3q
has an integer solution px1, . . . , xu, y1, . . . , yvq P Z
u`v for any nonnegative integer
N . Let
E “ t1 ď n ă β1 ` ¨ ¨ ¨ ` βv | n ” β1 ` ¨ ¨ ¨ ` βv pmod 3qu.
For each n P E, let νpnq be the positive integer such that
4νpnq´1 ¨ n ă β1 ` ¨ ¨ ¨ ` βv ď 4
νpnq ¨ n.
Lemma 4.1. Under the same notations given above, assume that
(4.2)
3α1x
2
1 ` ¨ ¨ ¨ ` 3αux
2
u `β1y
2
1 ` ¨ ¨ ¨ ` βvy
2
v
“ 4νpnq ¨ n with y1 ¨ ¨ ¨ yv ı 0 pmod 3q
has an integer solution for any n P E. Then the mixed sum Φ is universal if and
only if the equation
3α1x
2
1 ` ¨ ¨ ¨ ` 3αux
2
u `β1y
2
1 ` ¨ ¨ ¨ ` βvy
2
v
“ 3N ` β1 ` ¨ ¨ ¨ ` βv with y1 ¨ ¨ ¨ yv ı 0 pmod 3q
has an integer solution for any nonnegative integer N such that 3N`β1`¨ ¨ ¨`βv ı
0 pmod 4q.
Proof. Note that “only if” part is trivial. To prove “if” part, let N be any nonneg-
ative integer. Let s be a positive integer and n be a positive integer not divisible
by 4 such that 3N ` β1 ` ¨ ¨ ¨ ` βv “ 4
s ¨ n. If n ě β1 ` ¨ ¨ ¨βv, then there is a
nonnegative integer N0 such that 3N0 ` β1 ` ¨ ¨ ¨ ` βv “ n. Then Equation (4.1)
has an integer solution for this N0 by assumption, and therefore Equation (4.1) has
also an integer solution for N . If n ă β1 ` ¨ ¨ ¨ ` βv, then n P E and νpnq ď s
from the choice of νpnq. Since Equation (4.2) has an integer solution for 4νpnq ¨ n,
Equation (4.1) has an integer solution for N . 
Theorem 4.2. There are exactly 547 proper quaternary universal mixed sums of
generalized 4- and 8-gonal numbers (for the list of them, see Table 4.1).
Proof. Let u, v be nonnegative integers such that u ` v “ 4. For positive integers
α1, . . . , αu and β1, . . . , βv, assume that a quaternary mixed sum
Φ “ rrα1, . . . , αu,β1, . . . ,βvss
is proper universal. Then by theorem 3.1, there are nonnegative integers u1, v1 such
that u1 ` v1 “ 3 and the proper sum
Φ1 “ rrα1, . . . , αu1 ,β1, . . . ,βv1ss
of Φ is one of the sums in Table 4.1 which is not universal (see also Table 3.1). For
each case, from the assumption that Φ is universal, we know that at least one of
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αu1`1 or βv1`1 is less than or equal to tpΦ
1q given in Table 4.1. Therefore, we have
exactly 564 candidates of proper quaternary universal mixed sums as in Table 4.1.
Now, we show that there are exactly 547 proper quaternary universal mixed
sums among those candidates. The truants of the remaining 17 quaternary sums
are given in Table 5.1. If u “ 0 (v “ 0), then the universality of Φ can directly be
proved by the “60-theorem” in [5] (“15-theorem” of [1], respectively). Therefore,
it suffices to consider the cases when uv ‰ 0. Since the proofs are quite similar to
each other, we only provide, as representative cases, the proofs of Cases
(4-1), (4-4), (4-11), (4-15), (4-18), (4-31), and (4-35).
In fact, the proof of Case (4-15) is one of the most complicate cases.
To explain how to read Table 4.1, let us consider the case (4-11). Note that
tprr1, 2,3ssq “ 10. Hence all possible candidates of quaternary universal sums con-
taining rr1, 2,3ss are
rr1, 2, α3,3ss for 2 ď α3 ď 10 or rr1, 2,3,β2ss for 3 ď β2 ď 10.
Among these quaternary sums, the cases when 2 ď α3 ď 5 are already considered.
For example, the case when α3 “ 2 is considered in Case (4-5). All the other
quaternary sums except β2 “ 3 is, in fact, universal. For the exceptional case, note
that tprr1, 2,3,3ssq “ 13, which is considered in Section 5 in more detail.
Case (4-1) pα1, α2, α3q “ p1, 1, 1q. It is enough to show that for any β1 such that
3 ď β1 ď 7, the equation
3x2 ` 3y2 ` 3z2 ` β1t
2 “ 3N ` β1
has an integer solution px, y, z, tq P Z4 such that t ı 0 pmod 3q for any nonnegative
integer N .
Since the proofs are quite similar to each other, we only provide the proof of
the case β1 “ 3. By Lemma 4.1, we may assume that 3N ` 3 ı 0 pmod 4q. If
1 ď N ď 15, then one may directly check that the equation
x2 ` y2 ` z2 ` t2 “ N ` 1
has an integer solution px, y, z, tq P Z4 such that t ı 0 pmod 3q. Therefore, we
assume that N ě 16. Note that an integer is represented by x1, 1, 1y if and only if it
is not of the form 4lp8k`7q for any nonnegative integers l, k. Hence one may easily
show that there is an integer d P t1, 4u such that N ` 1´ d2 ą 0, and furthermore
N ` 1´ d2 is represented by x1, 1, 1y. Therefore, the equation
x2 ` y2 ` z2 ` t2 “ N ` 1
has an integer solution px, y, z, tq P Z4 such that t ı 0 pmod 3q for any nonnegative
integer N . This completes the proof.
Case (4-4) pα1, α2, β1q “ p1, 1, 3q. It is enough to show that for any α3pβ2q such
that 4 ď α3 ď 6 p3 ď β2 ď 6q, the equation
x2 ` y2 ` α3z
2 ` t2 “ N ` 1 p3x2 ` 3y2 ` 3z2 ` β2t
2 “ 3N ` 3` β2q
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Table 4.1. Quaternary universal mixed sums
Case Φ1 tpΦ1q Considered Already Universal Cases
(4-1) rr1, 1, 1ss 7 β1 “ 1, 2 1 ď α4 ď 7, 3 ď β1 ď 7
(4-2) rr1, 1, 2ss 14 β1 “ 1, 2 2 ď α4 ď 14, 3 ď β1 ď 14
(4-3) rr1, 1, 3ss 6 β1 “ 1, 2 3 ď α4 ď 6, 3 ď β1 ď 6
(4-4) rr1, 1, 3ss 6 1 ď α3 ď 3 4 ď α3 ď 6, 3 ď β2 ď 6
(4-5) rr1, 2, 2ss 7 2 ď α4 ď 7, 1 ď β1 ď 7
(4-6) rr1, 2, 3ss 10 β1 “ 1 3 ď α4 ď 10, 2 ď β1 ď 10
(4-7) rr1, 2, 4ss 14 4 ď α4 ď 14, 1 ď β1 ď 14
(4-8) rr1, 2, 5ss 10 5 ď α4 ď 10, 1 ď β1 ď 10 α4 ‰ 5, β1 ‰ 5
(4-9) rr1, 2, 1ss 15 2 ď α3 ď 6, β2 “ 1 6 ď α3 ď 15, 2 ď β2 ď 15 β2 ‰ 14
(4-10) rr1, 2, 2ss 7 2 ď α3 ď 5 6 ď α3 ď 7, 2 ď β2 ď 7 β2 ‰ 7
(4-11) rr1, 2, 3ss 10 2 ď α3 ď 5 6 ď α3 ď 10, 3 ď β2 ď 10 β2 ‰ 3
(4-12) rr1, 2, 4ss 14 2 ď α3 ď 5 6 ď α3 ď 14, 4 ď β2 ď 14 β2 ‰ 14
(4-13) rr1, 2, 5ss 10 2 ď α3 ď 5 6 ď α3 ď 10, 5 ď β2 ď 10 α3 ‰ 10, β2 ‰ 5, 10
(4-14) rr1, 1,2ss 13 1 ď α2 ď 3 4 ď α2 ď 13, 2 ď β3 ď 13
(4-15) rr1, 1,3ss 18 1 ď α2 ď 3 4 ď α2 ď 18, 3 ď β3 ď 18
(4-16) rr1, 3, 2ss 8 3 ď α3 ď 8, 2 ď β2 ď 8
(4-17) rr1, 4, 2ss 12 4 ď α3 ď 12, 2 ď β2 ď 12
(4-18) rr1, 5, 2ss 12 5 ď α3 ď 12, 2 ď β2 ď 12
(4-19) rr1, 2,2ss 7 1 ď α2 ď 5 6 ď α2 ď 7, 2 ď β3 ď 7
(4-20) rr1, 2,3ss 8 1 ď α2 ď 5 6 ď α2 ď 8, 3 ď β3 ď 8
(4-21) rr1, 2,4ss 12 1 ď α2 ď 5 6 ď α2 ď 12, 4 ď β3 ď 12
(4-22) rr1, 2,5ss 12 1 ď α2 ď 5 6 ď α2 ď 12, 5 ď β3 ď 12
(4-23) rr2, 2, 1ss 6 α3 “ 3, β2 “ 1 2 ď α3 ď 6, 2 ď β2 ď 6
(4-24) rr2, 4, 1ss 15 β2 “ 1 4 ď α3 ď 15, 2 ď β2 ď 15 β2 ‰ 14
(4-25) rr2, 1,2ss 6 2 ď α2 ď 4 5 ď α2 ď 6, 2 ď β3 ď 6
(4-26) rr2, 1,3ss 14 2 ď α2 ď 4 5 ď α2 ď 14, 3 ď β3 ď 14 β3 ‰ 14
(4-27) rr2, 1,4ss 15 2 ď α2 ď 4 5 ď α2 ď 15, 4 ď β3 ď 15
(4-28) rr3, 1,1ss 7 3 ď α2 ď 7, 1 ď β3 ď 7 β3 ‰ 7
(4-29) rr1,1,1ss 4 1 ď α1 ď 3 α1 “ 4, 1 ď β4 ď 4
(4-30) rr1,1,2ss 14 1 ď α1 ď 3 4 ď α1 ď 14, 2 ď β4 ď 14 β4 ‰ 14
(4-31) rr1,1,3ss 7 1 ď α1 ď 3 4 ď α1 ď 7, 3 ď β4 ď 7 α1 ‰ 7, β4 ‰ 4, 7
(4-32) rr3, 1,2ss 9 3 ď α2 ď 9, 2 ď β3 ď 9
(4-33) rr4, 1,2ss 13 4 ď α2 ď 13, 2 ď β3 ď 13
(4-34) rr1,2,2ss 6 1 ď α1 ď 4 5 ď α1 ď 6, 2 ď β4 ď 6
(4-35) rr1,2,3ss 9 1 ď α1 ď 4 5 ď α1 ď 9, 3 ď β4 ď 9 β4 ‰ 3
(4-36) rr1,2,4ss 13 1 ď α1 ď 4 5 ď α1 ď 13, 4 ď β4 ď 13
has an integer solution px, y, z, tq P Z4 such that t ı 0 pmod 3qpzt ı 0 pmod 3q,
respectivelyq for any nonnegative integer N .
Since the proofs are quite similar to each other, we only provide the proof of the
case α3 “ 4. By Lemma 4.1, we may assume that N ` 1 ı 0 pmod 4q. If N ď 3,
then one may directly check that
x2 ` y2 ` 4z2 ` t2 “ N ` 1
has an integer solution px, y, z, tq P Z4 such that t ı 0 pmod 3q. Therefore, we
assume that N ě 4. Note that a positive integer m is represented by x1, 1, 1y if and
only if it is not of the form 4lp8k`7q for any nonnegative integers l, k. Furthermore,
if m is represented by x1, 1, 1y, then there is an integer solution px, y, tq P Z3 such
that x2 ` y2 ` t2 “ m and gcdpx, y, t, pq “ 1 for any odd prime p. This can be
proved by using a slightly modified version of 102:5 of [12]. Hence, there is an
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integer c P t0, 1u such that the diophantine equation
x2 ` y2 ` t2 “ N ` 1´ 4c2 with t ı 0 pmod 3q
has an integer solution px, y, tq P Z3. This completes the proof of Case (4-4).
Case (4-11) pα1, α2, β1q “ p1, 2, 3q. It suffices to show that for any α3pβ2q such
that 6 ď α3 ď 10 p4 ď β2 ď 10q, the equation
x2 ` 2y2 ` α3z
2 ` t2 “ N ` 1 p3x2 ` 6y2 ` 3z2 ` β2t
2 “ 3N ` 3` β2q
has an integer solution px, y, z, tq P Z4 such that t ı 0 pmod 3qpzt ı 0 pmod 3q,
respectively) for any nonnegative integer N .
Assume α3 “ 7. By Lemma 4.1, we may assume that N ` 1 ı 0 pmod 4q.
If 1 ď N ď 111 then one may directly check that such an integer solution always
exists. Therefore, we may assume thatN ě 112. Note that an integer is represented
by x1, 1, 2y if and only if it is not of the form 22l`1p8k ` 7q for any nonnegative
integers l, k. Hence, one may easily show that there is an integer c P t0, 1, 2, 3, 4u
such that N`1´7c2 ą 0, N`1´7c2 ” 0, 1 pmod 3q, and furthermore, N`1´7c2
is represented by x1, 1, 2y. Therefore, the equation
x2 ` 2y2 ` t2 “ N ` 1´ 7c2
has an integer solution px, y, tq “ pa, b, dq P Z3 such that a ı 0 pmod 3q or d ı
0 pmod 3q or a ” b ” d ” 0 pmod 3q. Assume that a ” b ” d ” 0 pmod 3q. We
may assume that a2 ` 2b2 ‰ 0. By Theorem 9 of [7] (see also [4], and for more
generalization, see [10]), there are integers e, f such that e2 ` 2f2 “ a2 ` 2b2 and
ef ı 0 pmod 3q. Therefore, the equation
x2 ` 2y2 ` 7z2 ` t2 “ N ` 1
has an integer solution px, y, z, tq P Z4 such that t ı 0 pmod 3q for any nonnegative
integer N .
Assume β2 “ 9. It suffices to show that the equation
x2 ` 2y2 ` z2 ` 3t2 “ N ` 4
has an integer solution px, y, z, tq P Z4 such that zt ı 0 pmod 3q. By Lemma 4.1,
we may assume that N ` 4 ı 0 pmod 4q. If N ď 165, then one may directly check
that
x2 ` 2y2 ` z2 ` 3t2 “ N ` 4
has an integer solution px, y, z, tq P Z4 such that zt ı 0 pmod 3q. Therefore, we
assume N ě 166. If N ` 4 ” 0, 1 pmod 3q, then the proof is quite similar to the
proof of the case α3 “ 7. Assume N ` 4 ” 2 pmod 3q. Since hpx1, 2, 3yq “ 1, one
may easily show that a positive integer which is not of the form 22l`1p8k ` 5q for
any nonnegative integers l, k is represented by x1, 2, 3y. Hence, there is an integer
c P t1, 2, 4, 5, 7, 13u such that N ` 4 ´ c2 ą 0, N ` 4 ´ c2 ” 4 pmod 6q, and
furthermore, N ` 4 ´ c2 is represented by x1, 2, 3y. Therefore, there are integers
a, b, d such that a2` 2b2` 3d2 “ N ` 4´ c2 with a ” d pmod 2q. If d ı 0 pmod 3q,
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then we are done. Assume d ” 0 pmod 3q. Note that
`
a`3d
2
˘2
`3
`
a´d
2
˘2
“ a2`3d2
and
`
a`3d
2
˘
¨
`
a´d
2
˘
ı 0 pmod 3q. Therefore, the equation
x2 ` 2y2 ` z2 ` 3t2 “ N ` 4
has an integer solution px, y, z, tq P Z4 such that zt ı 0 pmod 3q.
The proofs of all the other cases are quite similar to those of the case α3 “ 7 or
Case (4-1).
Assume that the proper sum Φ1 of Φ is one of the sums in Table 4.2. Then the
proofs are quite similar to those of Cases (4-1) or (4-11).
Table 4.2. All cases whose proofs are similar to (4-1) or (4-11)
Case Φ1 Case Φ1 Case Φ1
(4-2) rr1, 1, 2ss (4-10) rr1, 2, 2ss (4-27) rr2, 1,4ss
(4-3) rr1, 1, 3ss (4-14) rr1, 1,2ss (4-28) rr3, 1,1ss
(4-5) rr1, 2, 2ss (4-16) rr1, 3, 2ss (4-29) rr1,1,1ss
(4-6) rr1, 2, 3ss (4-17) rr1, 4, 2ss (4-30) rr1,1,2ss
(4-7) rr1, 2, 4ss (4-19) rr1, 2,2ss (4-34) rr1,2,2ss
(4-8) rr1, 2, 5ss (4-23) rr2, 2, 1ss (4-36) rr1,2,4ss
(4-9) rr1, 2, 1ss (4-25) rr2, 1,2ss
Note that for each case, the proof uses the set of integers that are represented
by a particular ternary quadratic form having class number one, which are easily
computable by Hasse principle.
One of most important ingredients in the proofs of Cases (4-1), (4-4) and (4-11)
is the existence of a ternary quadratic form having class number 1. We crucially
used the fact that the set of integers represented by such a ternary quadratic form is
completely known. In the most of remaining cases, the quaternary quadratic form
induced by a quaternary mixed sum of 4- and 8-gonal numbers under consideration
does not have any ternary quadratic subform having class number one. Hence we
use Theorem 2.1 to compute the set of integers in some arithmetic progression that
are represented by a ternary quadratic subform.
Case (4-15) pα1, β1, β2q “ p1, 1, 3q. It suffices to show that for any α2pβ3q such
that 4 ď α2 ď 18 p3 ď β3 ď 18q, the equation
3x2 ` 3α2y
2 ` z2 ` 3t2 “ 3N ` 4 p3x2 ` y2 ` 3z2 ` β3t
2 “ 3N ` 4` β3q
has an integer solution px, y, z, tq P Z4 such that zt ı 0 pmod 3qpyzt ı 0 pmod 3q,
respectivelyq for any nonnegative integer N .
First, assume α2 “ 4. If N ď 34, then one may directly check that such an
integer solution always exists. Therefore, we may assume N ě 35. Define
fpx, z, tq “ 3x2 ` p3z ` tq2 ` 3t2 and gpx, z, tq “ 27x2 ` z2 ` 27t2.
Then one may directly compute that
(4.3) g ă11,r f
for any remainder r modulo 11, where r is 0 or a quadratic non-residue modulo 11.
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Now, choose an integer d P t0, 1, 2, 3u such that 3N ` 4´ 12b2 ą 0 and 3N ` 4´
12b2 is divisible by 11 or a quadratic non-residue modulo 11. Since hpx1, 3, 3yq “ 1,
one may easily check that
3x2 ` z2 ` 3t2 “ 3N ` 4´ 12b2
has an integer solution px, z, tq P Z3. Note that z is not divisible by 3. If either x or
t is not divisible by 3, then we are done. If both x and t are divisible by 3, that is,
3N ` 4´ 12b2 is represented by g, then by (4.3), it is represented by f . Therefore,
the equation
3x2 ` 12y2 ` z2 ` 3t2 “ 3N ` 4
has an integer solution px, y, z, tq P Z4 such that zt ı 0 pmod 3q.
In fact, if α2 ‰ 11 or β3 ‰ 11, then the proofs of the cases are quite similar to
the above.
Assume α2 “ 11. If N ď 9, then one may directly check that the equation
3x2 ` 33y2 ` z2 ` 3t2 “ 3N ` 4
has an integer solution px, y, z, tq P Z4 such that zt ı 0 pmod 3q. Therefore, we
may assume N ě 10. Note that the genus of gpx, z, tq “ 27x2 ` z2 ` 27t2 consists
of
Mg “ x1, 27, 27, y, M2 “
¨
˝4 1 01 7 0
0 0 27
˛
‚, and M3 “
¨
˝ 7 ´3 2´3 9 3
2 3 16
˛
‚.
By Minkowski-Siegel formula (for details, see [14]), we have
(4.4) rp3N`4, x1, 3, 3yq´rp3N`4, x1, 27, 27yq “ 4¨rp3N`4,M2q`4¨rp3N`4,M3q.
One may easily check that
Mg ă4,0 M2 and Mg ă4,3 M2.
This implies that any integer congruent to 4 or 7 modulo 12 is represented by M2
or M3. First, assume 3N ` 4 ” 0, 1, 3 pmod 4q. Then there is an integer b P t0, 1u
such that 3N ` 4´ 33b2 ą 0 and 3N ` 4´ 33b2 is congruent to 4 or 7 modulo 12.
Therefore by (4.4), we have
rp3N ` 4´ 33b2, x1, 3, 3yq ´ rp3N ` 4´ 33b2, x1, 27, 27yq ą 0.
Consequently, the equation
3x2 ` 33y2 ` z2 ` 3t2 “ 3N ` 4
has an integer solution px, y, z, tq P Z4 such that zt ı 0 pmod 3q. Now, assume
3N ` 4 ” 2 pmod 4q. Define hpx, y, zq “ 2x2 ` 2xy ` 17y2 ` 3z2. The genus of h
consists of
Mh “
ˆ
2 1
1 17
˙
K x3y and M4 “
¨
˝5 2 12 5 1
1 1 5
˛
‚.
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One may easily check that any positive integer m congruent to 2 modulo 3 is
represented by Mh or M4 by 102:5 of [12], for it is represented by Mh over Zp for
any prime p. One may easily check that
M4 ă4,0 Mh and M4 ă4,1 Mh.
Now, choose an integer d P t1, 2u such that 1
2
p3N`4q´3d2 ą 0 and 1
2
p3N`4q´3d2
is congruent to 5 or 8 modulo 12. Then 1
2
p3N ` 4q ´ 3d2 is represented by Mh.
Therefore there are integers a, b, c such that
p2a` bq2 ` 33b2 ` 3pc` dq2 ` 3pc´ dq2 “ 3N ` 4.
Since d ı 0 pmod 3q, c ` d ı 0 pmod 3q or c´ d ı 0 pmod 3q. Consequently, the
equation
3x2 ` 33y2 ` z2 ` 3t2 “ 3N ` 4
has an integer solution px, y, z, tq P Z4 such that zt ı 0 pmod 3q.
Assume β3 “ 11. First, we assume that N ě 88. Under the same notations as
above, one may directly compute that
BM3pMg, 5, 1q “ t˘p1, 0, 0qu and BM3pMg, 5, 4q “ t˘p2, 0, 0qu.
In each case, if we define T “
¨
˝5 0 00 4 ´3
0 3 4
˛
‚, then one may easily show that it
satisfies all conditions in Theorem 2.1. Note that ˘p1, 0, 0q are the only integral
primitive eigenvectors of T . Therefore, we have
(4.5) S5,r XQpMgqzts
2 | s P Zu Ă QpM3q,
for any remainder r modulo 5, where r is a quadratic residue modulo 5. Now,
choose an integer d P t1, 2, 5u such that IpN, dq :“ 3N ` 15 ´ 11d2 ě 2 and
IpN, dq ” 1, 4 pmod 5q. We show that IpN, dq is also represented by M2 or M3. If
IpN, dq is not a square of an integer, then it is represented by M2 or M3 by (4.5).
Assume that IpN, dq is a square of an integer. Since 4 is represented by M2, any
square divisible by 4 is represented by M2. Since 9 is represented by M3, we may
assume that IpN, dq is an odd integer not divisible by 3. For any prime p dividing
IpN, dq, p2 is represented by M2 or M3 by Lemma 2.4 of [6], for both M2 and M3
are contained in the spinor genus of Mg. Therefore
rpIpN, dq, x1, 3, 3yq ´ rpIpN, dq, x1, 27, 27yq ą 0,
by (4.4). Hence, the equation
3x2 ` y2 ` 3z2 ` 11t2 “ 3N ` 15
has an integer solution px, y, z, tq P Z4 such that yzt ı 0 pmod 3q. If N ď 87, then
one may directly check that such an integer solution exists.
Recall that we use (2.4) and Theorem 2.1 to show that integers in an arithmetic
progressions are represented by the ternary quadratic forms. In Case (4-18), as a
representative case, we explain how our method works in detail. Since everything
is quite similar to this for all the other cases, we only provide all parameters needed
for computations in Table 4.3.
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Case (4-18) pα1, α2, β1q “ p1, 5, 2q. It suffices to show that for any α3pβ2q such
that 5 ď α3 ď 12 p2 ď β2 ď 12q, the equation
3x2 ` 15y2 ` 3α3z
2 ` 2t2 “ 3N ` 2 p3x2 ` 15y2 ` 2z2 ` β2t
2 “ 3N ` 2` β2q
has an integer solution px, y, z, tq P Z4 such that t ı 0 pmod 3qpzt ı 0 pmod 3q,
respectivelyq for any nonnegative integer N .
First, assume that α3 “ 5. By Lemma 4.1, we may assume that 3N ` 2 ı
0 pmod 4q. If N ď 124, then one may directly check that
3x2 ` 15y2 ` 15z2 ` 2t2 “ 3N ` 2
has an integer solution px, y, z, tq P Z4 such that t ı 0 pmod 3q. Therefore we may
assume that N ě 125. Note that the genus of fpx, y, tq “ 3x2` 15y2` 2t2 consists
of
Mf “ x2, 3, 15y and M2 “
¨
˝ 2 1 ´11 5 1
´1 1 11
˛
‚.
One may easily show that any positive integer m congruent to 2 modulo 3 that is
not of the form 22l`1p8k`3q for any nonnegative integers l, k is represented by Mf
or M2 by 102:5 of [12]. Now, one may easily check that
M2 ă2,0 Mf .
Therefore, any positive integer m congruent to 2 modulo 6 that is not of the form
22l`1p8k`3q is represented byMf . Hence we may choose an integer c P t1, 2, 3, 4, 5u
such that 3N ` 2 ´ 15c2 ą 0, 3N ` 2 ´ 15c2 ” 2 pmod 6q, and furthermore,
3N ` 2´ 15c2 is represented by Mf . Therefore, the equation
3x2 ` 15y2 ` 15z2 ` 2t2 “ 3N ` 2
has an integer solution px, y, z, tq P Z4 such that t ı 0 pmod 3q.
If either α3 or β2 is odd, then each proof is quite similar to that of the case
α3 “ 5.
Assume α3 “ 8. Note that the genus of fpx, z, tq “ 3x
2 ` 24z2 ` 2t2 consists of
Mf “ x2, 3, 24y and M2 “
ˆ
5 1
1 5
˙
K x6y.
One may easily show that a positive integer m which is congruent to 2 modulo 3
and not of the form 4lp8k ` 1q and 4lp8k ` 7q for any nonnegative integers l, k is
represented by Mf or M2 by 102:5 in [12] for it is represented by Mf over Zp for
any prime p. Note that
Bf pM2, 3, 2q “ t˘p1, 2, 0qu.
If we define T “
¨
˝ 2 ´1 ´2´1 2 ´2
2 2 1
˛
‚, then one may easily show that it satisfies all
conditions in Theorem 2.1. Note that ˘p1,´1, 0q are the only integral primitive
eigenvectors of T . Therefore we have
S3,2 XQpM2qzt8s
2 | s P Zu Ă QpMf q.
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Since 8 is represented by Mf , 8s
2 is represented by Mf for any s P Z. Therefore, a
positive integer m which is congruent to 2 modulo 3 and not of the form 4lp8k` 1q
and 4lp8k ` 7q is represented by Mf . The rest of the proof is quite similar to that
of α3 “ 5.
Assume α3 “ 12. Note that the genus of fpx, z, tq “ 3x
2` 36z2` 2t2 consists of
Mf “ x2, 3, 36y and M2 “ x2, 9, 12y.
Note that
M2 ă2,0 Mf .
One may easily show that every positive integer congruent to 2 modulo 6 that is
not of the form 22l`1p8k`7q for any nonnegative integers l, k is represented by Mf .
The rest of the proof is quite similar when α3 “ 5.
Assume β2 “ 10. By Lemma 4.1, we may assume that 3N ` 12 ı 0 pmod 4q. If
N ď 1276, then one may directly check that the equation
3x2 ` 15y2 ` 2z2 ` 10t2 “ 3N ` 12
has an integer solution px, y, z, tq P Z4 such that zt ı 0 pmod 3q. Therefore,
assume N ě 1277. Note that the genus of fpx, z, tq “ 1
3
p3x2 ` 2p3z ` tq2 ` 10t2q “
x2 ` 6z2 ` 4t2 ` 4zt consists of
Mf “ x1y K
ˆ
4 2
2 6
˙
and M2 “ x2, 2, 5y.
One may easily show that a positive integer m which is not of the form 4lp8k ` 3q
for any nonnegative integers l, k is represented by Mf or M2 by 102:5 in [12] for it
is represented by Mf over Zp for any prime p. Note that
M2 ă3,0 Mf and M2 ă3,1 Mf .
Therefore, a positive integer m that is congruent to 0 or 1 modulo 3 and not of the
form 4lp8k` 3q is represented by Mf . Hence there is an integer b P t0, 1, 3, 4u such
that both N ` 4´ 5b2 and N ` 4´ 5pb` 12q2 are positive and represented by Mf .
For all possible cases when both N ` 4´ 5b2 and N ` 4´ 5pb` 12q2 are squares of
integers, one may easily check that the equation
3x2 ` 15y2 ` 2z2 ` 10t2 “ 3N ` 12
has an integer solution px, y, z, tq P Z4 such that zt ı 0 pmod 3q. Therefore we may
assume that 3x2 ` 2z2 ` 10t2 “ 3N ` 12 ´ 15b2 has an integer solution px, z, tq “
pa, c, dq P Z3 such that 2c2`10d2 ‰ 0. If c ” d ” 0 pmod 3q, then there are integers
e, f such that e2 ` 5f2 “ c2 ` 5d2 and ef ı 0 pmod 3q, by Theorem 9 of [7]. This
completes the proof.
Assume β2 “ 12. By Lemma 4.1, we may assume that 3N ` 14 ı 0 pmod 4q. If
N ď 1800, then one may directly check that the equation
3x2 ` 15y2 ` 2z2 ` 12t2 “ 3N ` 14
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has an integer solution px, y, z, tq P Z4 such that zt ı 0 pmod 3q. Therefore, assume
N ě 1801. Define
fpx, z, tq “ 12x2 ` 2p3z ` tq2 ` 12t2 and gpx, z, tq “ 108x2 ` 2z2 ` 108t2.
Note that
(4.6) g ă7,r f4,
for any remainder r modulo 7, where r is 0 or a quadratic non-residue modulo
7. Since hpx1, 6, 6yq “ 1, one may easily show that a positive integer m which
is congruent to 1 modulo 3 and not of the form 4lp8k ` 3q for any nonnegative
integers l, k is represented by x1, 6, 6y. Hence there is an integer 0 ď b ď 19 such
that 3N ` 14´ 15b2 is positive, 3N ` 14´ 15b2 is divisible by 7 or a quadratic non-
residue modulo 7, and furthermore, 3N ` 14´ 15b2 is represented by x2, 12, 12y. If
3N`14´15b2 is not represented by g, then we are done. Assume that 3N`14´15b2
is represented by g. By Equation (4.6), 3N`14´15b2 is represented by f . Therefore
the equation
3p2xq2 ` 15y2 ` 2p3z ` tq2 ` 12t2 “ 3N ` 14
has an integer solution. This completes the proof.
The proofs of all remaining cases are quite similar to those of Cases (4-1) or
(4-11). This completes the proof of Case (4-18).
As noted earlier, since every proof of the case in the Table 4.3 is quite similar to
that of Case (4-18), we only provide all parameters needed for the computations.
Case (4-31) pβ1, β2, β3q “ p1, 1, 3q. It is enough to show that for any α1 such that
4 ď α1 ď 6, the equation
3α1x
2 ` y2 ` z2 ` 3t2 “ 3N ` 5
has an integer solution px, y, z, tq P Z4 such that yzt ı 0 pmod 3q for any nonnega-
tive integer N .
Since the proof of the case α1 “ 4 is quite similar to that of Case (4-1), we only
provide proofs of the cases when α1 P t5, 6u.
Assume α1 “ 5. Note that hpx1, 1, 3yq “ 1. Every positive integer congruent to
2 modulo 3 is represented by x1, 1, 3y. Therefore, the equation
y2 ` z2 ` 3t2 “ 3N ` 5
has an integer solution py, z, tq “ pb, c, dq P Z3. If d ı 0 pmod 3q, then we are done.
Assume that d ” 0 pmod 3q. First, we consider the case when d ‰ 0. Then there are
a positive integer s and a positive integer d1 not divisible by 3 such that d “ 3
s ¨d1.
Now, by Theorem 9 of [7], there are integers d2 and a such that 3
2s`1´ 15a2 “ 3d22
and d2 ı 0 pmod 3q. Therefore, we have
b2 ` c2 ` 3pd2 ¨ d1q
2 ` 15pa ¨ d1q
2 “ 3N ` 5.
Now, assume d “ 0. If c ” 0 pmod 2q, then b2` c2 “ b2`4p c
2
q2 “ b2`p c
2
q2`3p c
2
q2.
Therefore, we may assume that b ” c ” 1 pmod 2q. Note that b2 ` c2 “ 2
`
b`c
2
˘2
`
2
`
b´c
2
˘2
and b ” c pmod 3q. If b ‰ c, then there are integers b1, c1 such that b
2`c2 “
2b21 ` 18c
2
1 and c1 ‰ 0. By theorem 9 of [7], there are integers d3, a2 such that
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Table 4.3. Some data for quaternary universal mixed sums
Case Mf M2 pd, aq Bf pM2, d, aq T f represents m
(4-12) x3, 4, 6y x1, 6, 12y p3, 1q t˘p1, 0, 0qu
¨
˝3 0 00 1 ´4
0 2 1
˛
‚ m ě 2,m ” 1 pmod 3q,
m ‰ 22l`1p8k ` 7q
(4-13) x3, 5, 6y
¨
˝2 0 00 6 3
0 3 9
˛
‚ p3, 2q t˘p1, 0, 0qu
¨
˝3 0 00 3 3
0 ´2 1
˛
‚
m ” 3 pmod 2q,
m ‰ 52l`1p5k ` 2q,
m ‰ 52l`1p5k ` 3q,
m ‰ 2 ¨ 25l
(4-20)
β3‰3, 4
¨
˝3 0 00 5 1
0 1 11
˛
‚ x2, 3, 27y
p13, 2q
p13, 5q
p13, 6q
p13, 7q
p13, 8q
p13, 11q
t˘p1, 0, 0qu
t˘p3, 0, 0qu
t˘p4, 0, 0qu
t˘p6, 0, 0qu
t˘p2, 0, 0qu
t˘p5, 0, 0qu
¨
˝13 0 00 5 ´36
0 4 5
˛
‚m ě 3,m ” 2 pmod 3q,
m ” r1 pmod 13q
(4-21) x2, 3, 4y x1, 2, 12y p3, 0q H
m ” 0 pmod 3q,
m ‰ 22l`1p8k ` 5q
(4-22)
α2 ‰ 7
β3 ‰ 7
x2, 3, 5y x1, 1, 30y p7, r2q H
m ” 1 pmod 3q,
m ” r2 pmod 7q
(4-22)
α2 “ 7
x3, 5, 21y
¨
˝5 0 00 6 3
0 3 12
˛
‚ p8, r3q H m ” 2 pmod 3q,
m ı 0 pmod 5q,
m ı 0 pmod 7q,
m ” r3 pmod 8qx3, 5, 21y
¨
˝2 1 01 8 3
0 0 21
˛
‚ p8, r3q H
(4-22)
β3 “ 7
x2, 3, 7y
¨
˝2 1 11 3 0
1 0 9
˛
‚ p3, 0q H m ” 6 pmod 9q,
m ‰ 22l`1p8k ` 3q
x2, 3, 7y x1, 3, 14y p3, 0q H
(4-24) x1, 6, 12y x3, 4, 6y p3, 1q t˘p0, 1, 0qu
¨
˝1 0 ´40 3 0
2 0 1
˛
‚ m ” 1 pmod 3q,
m ‰ 22l`1p8k ` 7q
(4-26)
α2 ‰ 13
β3 ‰ 13
¨
˝4 1 01 7 0
0 0 6
˛
‚ x1, 6, 27y p13, r4q H m ” 1 pmod 3q,m ” r4 pmod 13q,
m ‰ 22l`1p8k ` 7q
(4-32) x1, 2, 9y
¨
˝2 1 01 3 1
0 1 4
˛
‚ p3, 0q H m ” 0 pmod 3q,
m ‰ 22l`1p8k ` 7q
(4-33) x1, 2, 12y x2, 3, 4y p3, 0q H
m ” 0 pmod 3q,
m ‰ 22l`1p8k ` 5q
r1 P t2, 5, 6, 7, 8, 11u, r2 P t0, 3, 5, 6u,
r3 P t0, 1, 4, 5u, r4 P t0, 2, 5, 6, 7, 8, 11u
18c21 “ 3d
2
3`15a
2
2 and a2d3 ı 0 pmod 3q. Then b
2
1`b
2
1`3d
2
3`15a
2
2 “ 3N`5. Finally,
assume that 3N`5 “ 2b2. Note that the genus of fpy, z, tq “ p3y`tq2`p3z`tq2`3t2
consists of
Mf “
¨
˝ 5 ´2 2´2 8 1
2 1 8
˛
‚ and M2 “
ˆ
2 1
1 5
˙
K x27y.
Note thatM2 is in the spinor genus ofMf . Clearly, it suffices to show that 3N`5 “
2b2 is represented bt Mf . Assume that b is even. Since 8 is represented by Mf , 2b
2
is represented by Mf . Since 18 is also represented by Mf , we may assume that b
is relatively prime to 6 by a similar reasoning to the above. Since b ą 1, there is
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a prime p ą 3 dividing b. Since 2 is represented by M2, 2p
2 and therefore 2b2, is
represented by Mf by Lemma 2.4 of [6]. This completes the proof.
Assume α1 “ 6. Note that the genus of f1px, y, zq “ 18x
2 ` y2 ` z2 consists of
Mf1 “ x1, 1, 18y and M3 “ x2y K
ˆ
2 1
1 5
˙
.
Note that M3 ă2,0 Mf1 . Then one may easily show that for a positive integer which
is congruent to 2 modulo 6 and not of the form 22l`1p8k ` 7q for any nonnegative
integers l, k is represented by Mf . The rest of the proof is quite similar to that of
Case (4-18).
Case (4-35) pβ1, β2, β3q “ p1, 2, 3q. It is enough to show that for any α1 such that
5 ď α1 ď 9, the equation
3α1x
2 ` y2 ` 2z2 ` 3t2 “ 3N ` 6
has an integer solution px, y, z, tq P Z4 such that yzt ı 0 pmod 3q for any nonnega-
tive integer N .
First, assume α1 “ 5. By Lemma 4.1, we may assume that 3N ` 6 ı 0 pmod 4q.
If N ď 2643, the one may directly check that such an integer solution exists.
Therefore, we may assume that n ě 2644. Note that the genus of fpy, z, tq “
1
3
ppt` 3yq2 ` 2pt` 3zq2 ` 3t2q consists of
Mf “
¨
˝2 1 01 3 1
0 1 4
˛
‚ and M2 “ x1, 2, 9y.
One may easily check that any positive integerm which is not of the form 22l`1p8k`
7q for any nonnegative integers l, k is represented by Mf or M2. Furthermore, we
may check by a direct computation that
M2 ă2,0 Mf .
Then there is an integer a P t0, 1, 2, 3, 5, 7u such that both N `2´5a2 and N `2´
5pa ` 16q2 are positive and represented by Mf . For all possible cases when both
N ` 2´ 5a2 and N ` 2´ 5pa` 16q2 are of the form 10s2 for some s P Z, one may
directly check that the equation
15x2 ` y2 ` 2z2 ` 3t2 “ 3N ` 6
has an integer solution px, y, z, tq P Z4 such that yzt ı 0 pmod 3q. We may assume
that at least one of N ` 2´ 5a2 and N ` 2´ 5pa` 16q2 is not of the form 10s2 for
any s P Z. Therefore, the equation
15x2 ` y2 ` 2z2 ` 3t2 “ 3N ` 6
has an integer solution px, y, z, tq “ pa, b, c, dq P Z4 such that b ” c ” d pmod 3q
and 3N ` 6 ´ 15a2 is not of the form 30s2. If b ” c ” d ı 0 pmod 3q, then we
are done. Assume b ” c ” d ” 0 pmod 3q. If τ “ 1
3
¨
˝ 2 2 3´1 ´1 3
´1 2 0
˛
‚, then one may
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easily check that τpb, c, dqt “ pb1, c1, d1q
t is also an integer solution of
(4.7) y2 ` 2z2 ` 3t2 “ 3N ` 6´ 15a2
Such that b1 ” c1 ” d1 pmod 3q. Therefore, there is a positive integer m such that
τmpa, b, cqt “ pam, bm, cmq
t is an integer solution of Equation (4.7) such that each
of whose component is not divisible by 3 or for any positive integerm, τmpa, b, cqt “
pam, bm, cmq
t is an integer solution of Equation (4.7) each of whose component is
divisible by 3. Since there are only finitely many integer solution of Equation (4.7)
and τ has an infinite order, the latter is impossible unless pa, b, cq is an eigenvector
of τ . Note that ˘p0,´3, 2q are the only integer primitive eigenvectors of τ . Since
3N ` 6´ 15a2 is not of the form 30s2, the equation
y2 ` 2z2 ` 3t2 “ 3N ` 6´ 15a2
has an integer solution py, z, tq P Z3 such that yzt ı 0 pmod 3q.
Assume that α1 is odd. Then every proof is quite similar to that of the case
α1 “ 5.
Assume α1 “ 6. Note that the genus of f1px, y, zq “ 18x
2 ` y2 ` 2z2 consists of
Mf “ x1, 2, 18y and M2 “
¨
˝ 3 ´1 1´1 3 ´1
1 ´1 5
˛
‚.
Note that
M3 ă3,0 Mf1 .
Therefore, a positive integer which is divisible by 3 and not of the form 4lp8k ` 7q
for any nonnegative integers l, k is represented byMf . The rest of the proof is quite
similar to that of Case (4-18).
Assume α1 “ 8. By Lemma 4.1, we may assume that 3N ` 6 ı 0 pmod 4q. If
1 ď N ď 286, the one may directly check that the equation
24x2 ` y2 ` 2z2 ` 3t2 “ 3N ` 6
has an integer solution such that yzt ı 0 pmod 3q. Therefore, we assume that
N ě 277. There is an integer a P t3, 6u such that 3N`6´24a2 ą 0 and furthermore,
3N ` 6´ 24a2 is represented by x1, 2, 3y. Therefore, the equation
y2 ` 2z2 ` 3t2 “ 3N ` 6´ 24a2
has an integer solution py, z, tq “ pb, c, dq P Z3. We may assume that b2 ` 2c2 ‰ 0
and further assume that bc ı 0 pmod 3q by theorem 9 of [7]. If d ı 0 pmod 3q, then
we are done. Assume d ” 0 pmod 3q. Since d2` 8a2 ‰ 0 and d2` 8a2 ” 0 pmod 3q,
there are integers e, f such that d2`8a2 “ e2`8f2 and ef ı 0 pmod 3q by Theorem
9 of [7]. This completes the proof of Case (4-35). 
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5. The 61-theorem of generalized 4- and 8-gonal numbers
In this section, we determine all n-ary proper universal mixed sums of generalized
4- and 8-gonal numbers for any n ě 5. Furthermore, we give a simple criterion on
the universality of an arbitrary mixed sum of generalized 4- and 8-gonal numbers,
which is a generalization of the “15-theorem”.
Theorem 5.1. There are exactly 707 quinary proper universal mixed sums of gen-
eralized 4- and 8-gonal numbers (for the list of them, see Table 5.1).
Proof. Let u, v be nonnegative integers such that u ` v “ 5. For positive integers
α1, . . . , αu and β1, . . . , βv, assume that a quinary mixed sum
Φ “ rrα1, . . . , αu,β1, . . . ,βvss
is proper universal. Then by Theorems 3.1 and 4.2, there are nonnegative integers
u1, v1 such that u1 ` v1 “ 4, and the proper sum
Φ1 “ rrα1, . . . , αu1 ,β1, . . . ,βv1ss
of Φ is one of the sums in Table 5.1 which is not universal(see also Table 4.1). For
each case, from the universality of Φ we know that at least one of αu1`1 or βv1`1
is less than equal to the truant of the mixed sum Φ1 given in Table 5.1. Therefore,
we have exactly 708 candidates of proper quinary universal mixed sums.
Now, we show that all candidates are, in fact, universal except rr1, 2,5,5,5ss.
The truant of the remaining quinary sum is 20. As in Theorem 4.2, we may assume
that uv ‰ 0. Since the proofs are quite similar to each other, we only provide, as
representative cases, the proofs of Cases
(5-2), (5-14), and (5-16).
Table 5.1. Quinary and senary universal mixed sums
Case Φ1 tpΦ1q Considered already Universal case
(5-1) rr1, 2, 5, 5ss 15 6 ď α5 ď 10, 6 ď β1 ď 10 α5, β1 “ 5, 11 ď α5, β1 ď 15
(5-2) rr1, 2, 5, 5ss 15 5 ď α4 ď 10, 6 ď β2 ď 10 11 ď α4 ď 15, β2 “ 5, 11 ď β2 ď 15
(5-3) rr1, 2, 1,14ss 61 2 ď α3 ď 15, β3 “ 15 16 ď α3 ď 61, β3 “ 14, 16 ď β3 ď 61
(5-4) rr1, 2,2,7ss 30 2 ď α3 ď 7 8 ď α3 ď 30, 7 ď β3 ď 30
(5-5) rr1, 2,3,3ss 13 2 ď α3 ď 10, 4 ď β3 ď 10 11 ď α3 ď 13, β3 “ 3, 11 ď β3 ď 13
(5-6) rr1, 2, 4,14ss 60 2 ď α3 ď 14 15 ď α3 ď 60, 14 ď β3 ď 60
(5-7) rr1, 2, 10, 5ss 20 6 ď β2 ď 9 10 ď α4 ď 20, β2 “ 5, 10 ď β2 ď 20
(5-8) rr1, 2,5,5ss 15 2 ď α3 ď 10, 6 ď β3 ď 9 11 ď α3 ď 15, β3 “ 5, 10 ď β3 ď 15 β3‰5
(5-9) rr1, 2, 5,10ss 20 2 ď α3 ď 10 11 ď α3 ď 20, 10 ď β3 ď 20
(5-10) rr2, 4, 1,14ss 61 4 ď α3 ď 15, β3 “ 15 16 ď α3 ď 61, β3 “ 14, 16 ď β3 ď 61
(5-11) rr2, 1, 3, 14ss 60 2 ď α2 ď 14 15 ď α2 ď 60, 14 ď β4 ď 60
(5-12) rr3, 1,1,7ss 30 3 ď α2 ď 7 8 ď α2 ď 30, 7 ď β4 ď 30
(5-13) rr1,1,2,14ss 60 1 ď α1 ď 14 15 ď α1 ď 60, 14 ď β5 ď 60
(5-14) rr7, 1,1,3ss 14 β4 “ 3, 5, 6 7 ď α2 ď 14, β4 “ 4, 7 ď β4 ď 14
(5-15) rr1, 1, 3, 4ss 18 1 ď α1 ď 7, β5 “ 5, 6 8 ď α1 ď 18, β5 “ 4, 7 ď β5 ď 18
(5-16) rr1, 1, 3, 7ss 14 1 ď α1 ď 7 8 ď α1 ď 14, 7 ď β5 ď 14
(5-17) rr1, 2, 3, 3ss 12 1 ď α1 ď 9, 4 ď β5 ď 9 10 ď α1 ď 12, β5 “ 3, 10 ď β5 ď 12
(6-1) rr1, 2,5,5,5ss 20 1 ď α3 ď 15, 6 ď β4 ď 15 16 ď α3 ď 20 β4 “ 5, 16 ď β4 ď 20
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Case (5-2) pα1, α2, α3, β1q “ p1, 2, 5, 5q. It is enough to show that for any α4pβ2q
such that 11 ď α4 ď 15 pβ2 “ 5 or 11 ď β2 ď 15q, the equation
x2 ` 2y2 ` 5z2 ` α4t
2 ` 5p3s2 ´ 2sq “ N
px2 ` 2y2 ` 5z2 ` 5p3t2 ´ 2tq ` β2p3s
2 ´ 2sq “ N, respectivelyq
has an integer solution px, y, z, t, sq P Z5 for any nonnegative integer N .
Assume α4 “ 11. If N ď 10, then one may directly check that the equation
x2 ` 2y2 ` 5z2 ` 11t2 ` 5p3s2 ´ 2sq “ N
has an integer solution px, y, z, t, sq P Z5. Since hpx1, 2, 5yq “ 1, one may easily
show that every positive integer not of the form 52l`1p5k` 2q and 52l`1p5k` 3q for
any nonnegative integer l, k is represented by x1, 2, 5y. Therefore, we may assume
N ” 0 pmod 5q. Then N ´ 11 is represented by x1, 2, 5y. If α4 or β2 is not divisible
by 5, then the proofs are quite similar to this.
Assume α4 “ 15. If N ď 20, then one may directly check that the equation
x2 ` 2y2 ` 5z2 ` 15t2 ` 5p3s2 ´ 2sq “ N
has an integer solution px, y, z, t, sq P Z5. Assume N ě 21. We may assume that
N ” 0 pmod 5q. Then there are integers d, e P t0, 1u such that N´15d2´5p3e2´2eq
is represented by x1, 2, 5y.
If β2 P t5, 15u, then the proof is quite similar to the above. This completes the
proof of Case (5-2).
Case (5-14) pα1, β1, β2, β3q “ p7, 1, 1, 3q. It is enough to show that for any α2pβ4q
such that 7 ď α2 ď 14 pβ4 “ 4 or 7 ď β4 ď 14q, the equation
21x2` 3α2y
2` z2` t2` 3s2 “ 3N ` 5 p21x2` y2` z2` 3t2` β4s
2 “ 3N ` 5` β4q
has an integer solution px, y, z, t, sq P Z5 such that zts ı 0 pmod 3q pyzts ı
0 pmod 3q, respectivelyq for any nonnegative integer N .
We show that
(5.1) x21 ` y
2
1 ` 3z
2
1 ` 21t
2
1 “ 3N ` 5 with x1y1z1 ı 0 pmod 3q
has an integer solution px1, y1, z1, t1q P Z
4 for any nonnegative integer N except
14. If N ď 782 and N ‰ 14, then one may directly check that Equation (5.1) has
an integer solution. Note that Equation (5.1) does not have an integer solution for
N “ 14, whereas it has an integer solution for N “ 4 ¨ 14 “ 56. Therefore, we
may assume that N ě 783 and 3N ` 5 ı 0 pmod 4q by similar reasoning of Lemma
4.1. Since hpx1, 1, 21yq “ 1, one may easily show that a positive integer which is
congruent to 2 modulo 3, not divisible by 7, and not of the form 4lp8k ` 3q for
any nonnegative integers l, k is represented by x1, 1, 21y. Then there is an integer
c P t2, 4, 14, 28u such that 3N ` 5 ´ 3c2 ą 0, and furthermore, 3N ` 5 ´ 3c2 is
represented by x1, 1, 21y. Therefore, the equation
x21 ` y
2
1 ` 3z
2
1 ` 21t
2
1 “ 3N ` 5
has an integer solution px1, y1, z1, t1q P Z
4 such that x1y1z1 ı 0 pmod 3q for any
nonnegative integer N except 14. The proof of Case (5-14) follows immediately.
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In most of the cases, we can exactly compute the set of all positive integers not
represented by Φ1, denoted by EpΦ1q. If a proper sum Φ1 of Φ is a one of the sums
in Table 5.2, then the proof is quite similar to that of Case (5-14).
Table 5.2. All cases whose proofs are simair to that of (5-14)
Case Φ1 Epφ1q Case Φ1 Epφ1q
(5-1) rr1, 2, 5, 5ss t15u (5-9) rr1, 2, 5,10ss E˚
(5-3) rr1, 2, 1, 14ss t61u (5-10) rr2, 4, 1,14ss t61u
(5-4) rr1, 2, 2,7ss t30u (5-11) rr2, 1, 3, 14ss t60u
(5-5) rr1, 2, 3,3ss t13u (5-12) rr3, 1,1,7ss t30u
(5-6) rr1, 2, 4, 14ss t60u (5-13) rr1,1,2,14ss t60u
(5-7) rr1, 2, 10, 5ss t20u (5-15) rr1, 1, 3, 4ss t18u
(5-8) rr1, 2, 5,5ss t15, 20u (5-17) rr1, 2, 3, 3ss t12u
E˚ “ tr ¨ 25s ´ 5 | 1 ď r ď 4, s ě 1u
Remark 5.2. (i) In [3], Dickson proved that the sum rr1, 2, 5, 5ss represents all posi-
tive integers, except 15.
(ii) In [5], it was proved that the sums rr1,1,2,14ss, rr1,1,3,4ss, and rr1,2,3,3ss
represent all positive integers, except 60, 18, and 12, respectively.
Case (5-16) pβ1, β2, β3, β4q “ p1, 1, 3, 7q. It is enough to show that for any α1 such
that 8 ď α1 ď 14, the equation
3α1x
2 ` y2 ` z2 ` 3t2 ` 7s2 “ 3N ` 12
has an integer solution px, y, z, t, sq P Z5 such that yzts ı 0 pmod 3q for any
nonnegative integer N .
Assume α1 “ 8. If N ď 1742, then one may directly check that the equation
24x2 ` y2 ` z2 ` 3t2 ` 7s2 “ 3N ` 12
has an integer solution px, y, z, t, sq P Z5 such that yzts ı 0 pmod 3q. Therefore,
assume N ě 1743. Note that the genus of fpy, z, tq “ p3y ` tq2 ` p3z ` tq2 ` 3t2
consists of
Mf “
¨
˝ 5 ´2 2´2 8 1
2 1 8
˛
‚ and M2 “
ˆ
2 1
1 5
˙
K x27y.
One may easily show that a positive integer congruent to 2 modulo 3 is represented
by Mf or M2 by 102:5 of [12] for it is represented by Mf over Zp for any prime p.
Note that
Bf pM2, 13, 1q “ t˘p0, 0, 1qu, Bf pM2, 13, 3q “ t˘p0, 0, 4qu,
Bf pM2, 13, 4q “ t˘p0, 0, 2qu, Bf pM2, 13, 9q “ t˘p0, 0, 3qu,
Bf pM2, 13, 10q “ t˘p0, 0, 6qu, Bf pM2, 13, 12q “ t˘p0, 0, 5qu.
In each case, if we define T “
¨
˝ 9 20 0´8 1 0
0 0 13
˛
‚, then one may easily show that it
satisfies all conditions in Theorem 2.1. Note that ˘p0, 0, 1q are the only integral
primitive eigenvectors of T . Then we have
S13,r XQpM2qzt27s
2 | s P Zu Ă QpMf q,
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for any remainder r modulo 13, where r is a quadratic residue modulo 13. Therefore,
a positive integer which is congruent to 2 modulo 3 and quadratic residue modulo
13 is represented by Mf . There are integers a P t1, 2, 3, 13u and e P t1, 2, 13u such
that 3N`12´7e2´24a2 ą 0 and furthermore, 3N`12´7e2´24a2 is represented
by Mf . Therefore, the equation
y2 ` z2 ` 3t2 “ 3N ` 12´ 7e2 ´ 24a2
has an integer solution py, z, tq “ pb, c, dq P Z3 such that b ” c ” d pmod 3q. This
competes the proof.
Assume that α1 ‰ 13. Then every proof is quite similar to that of the case
α1 “ 8.
Assume α1 “ 13. If N ď 18, then one may directly check that the equation
39x2 ` y2 ` z2 ` 3t2 ` 7s2 “ 3N ` 12
has an integer solution px, y, z, t, sq P Z5 such that yzts ı 0 pmod 3q. Therefore,
assume N ě 19. Note that hpx1, 1, 3yq “ 1. There are integers e P t1, 2u and
a P t0, 1u such that 3N`12´7e2´39a2 ą 0 and 3N`12´7e2´39a2 is congruent
to 5 or 8 modulo 12. Therefore, the equation
y2 ` z2 ` 3t2 “ 3N ` 12´ 7e2 ´ 39a2
has an integer solution py, z, tq “ pb, c, dq P Z3 such that bc ı 0 pmod 3q and
c ” d pmod 2q. If d ı 0 pmod 3q, then we are done. Assume d ” 0 pmod 3q. Then
c2 ` 3d2 “
`
c`3d
2
˘2
` 3 ¨
`
c´d
2
˘2
and
`
c`3d
2
˘
¨
`
c´d
2
˘
ı 0 pmod 3q. This completes
the proof of Case (5-16). 
Theorem 5.3. There are exactly 11 senary proper universal mixed sums of gener-
alized 4- and 8-gonal numbers (for the list of them, see Table 5.1).
Proof. Let u, v be nonnegative integers such that u ` v “ 6. For positive integers
α1, . . . , αu and β1, . . . , βv, assume that a senary mixed sum
Φ “ rrα1, . . . , αu,β1, . . . ,βvss
of generalized 4- and 8-gonal numbers is proper universal. Then by Theorems 3.1,
4.2, and 5.1, Φ has a proper sum rr1, 2,5,5,5ss (see Table 5.1). From the universality
of Φ, we know that at least one of α3 or β4 is less than equal to 20 that is the truant
of rr1, 2,5,5,5ss.
Case (6-1) pα1, α2, β1, β2, β3q “ p1, 2, 5, 5, 5q. It is enough to show that for any
α3pβ4q such that 16 ď α3 ď 20 pβ4 “ 5 or 16 ď β4 ď 20q, the equation
x2 ` 2y2 ` α3z
2 ` 5p3t2 ´ 2tq ` 5p3s2 ´ 2sq ` 5p3u2 ´ 2uq “ N
px2 ` 2y2 ` 5p3z2 ´ 2zq ` 5p3t2 ´ 2tq ` 5p3s2 ´ 2sq ` β4p3u
2 ´ 2uq “ N, respectivelyq
has an integer solution px, y, z, t, s, uq P Z6 for any nonnegative integer N . Since
the mixed sum rr1, 2,5,5s of generalized 4- and 8-gonal numbers represents all
nonnegative integers except 15 and 20 (see Table 5.2), the quinary mixed sum
rr1, 2,5,5,5ss of generalized 4- and 8-gonal numbers represents all positive integers
except 20. The proof follows immediately. 
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Finally, we give an effective criterion on the universality of an arbitrary mixed
sum of generalized 4- and 8-gonal numbers.
Theorem 5.4. Let α1, . . . , αu and β1, . . . , βv be positive integers. The mixed sum
Φ “ α1P4px1q ` ¨ ¨ ¨ ` αuP4pxuq ` β1P8py1q ` ¨ ¨ ¨ ` βvP8pyvq
of generalized 4- and 8-gonal numbers is universal if and only if it represents the
integers
1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 12, 13, 14, 15, 18, 20, 30, 60, and 61.
Proof. Assume that Φ “ rrα1, . . . , αu,β1, . . . ,βvss represents above 19 integers.
Then one may easily show that there are nonnegative integers u1, v1 such that
u1 ď u, v1 ď v, and furthermore, the proper sumrΦ “ rrα1, . . . , αu1 ,β1, . . . ,βv1ss
of Φ is one of the mixed sums of Tables 3.1, 4.1, and 5.1. Then the the proper sumrΦ of Φ is universal by Theorems 3.1, 4.2, 5.1, and 5.3. Therefore, the mixed sum
Φ of generalized 4- and 8-gonal numbers is universal. 
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